
Measuring seeing and atmospheri
 time 
onstant by di�erential s
intillationsAndrei TokovininCerro Tololo Inter-Ameri
an Observatory, Casilla 603, La Serena, ChileA simple di�erential analysis of stellar s
intillations measured simultaneously with two aperturesopens a possibility to estimate seeing. Moreover, some information on the verti
al turbulen
e distri-bution 
an be obtained. A general expression for the di�erential s
intillation index for the aperturesof arbitrary shape and for �nite exposure time is derived, and its appli
ations are studied. Corre
-tion for exposure time bias using the ratio of s
intillation indi
es with and without time binningis studied. A bandpass-�ltered s
intillation in a small aperture (
omputed as di�erential-exposureindex) provides a reasonably good estimate of the atmospheri
 time 
onstant for adaptive opti
s.OCIS 
odes: 010.1330, 010.1290, 010.1080, 280.70601. Introdu
tionThe major 
hara
teristi
 of opti
al turbulen
e, seeing, is related to the integral of the turbulen
e verti
al pro�le1;2.Many methods exist for seeing measurements, although only the Di�erential Image Motion Monitor (DIMM)3 hasproven to be a pra
ti
al, robust and generally a

epted te
hnique. However, a more 
omplete knowledge of turbulen
epro�le is needed to predi
t the performan
e of adaptive opti
al (AO) systems and interferometers. For example, thesize of the AO-
orre
ted �eld of view depends on the turbulen
e in the upper atmospheri
 layers, while the requiredbandwidth of an AO system is related to the atmospheri
 time 
onstant �0 whi
h also 
an be 
omputed from thepro�les of C2n(h) and of wind velo
ity. It is ne
essary to know the statisti
s of these atmospheri
 parameters at agiven site in order to design future imaging systems. It is also highly desirable to monitor the relevant atmospheri
parameters in real time for more eÆ
ient use of AO systems and interferometers.Current te
hniques for turbulen
e pro�ling in
lude in situ sounding with balloon-borne mi
ro-thermometers andremote opti
al sounding by the SCIDAR method4. Both methods are not suitable for 
ontinuous monitoring. SCI-DAR is based on the spatio-angular statisti
al analysis of atmospheri
 s
intillation (\
ying shadows") produ
ed bydouble stars and requires a teles
ope of more than 1 m, while the availability of suitable double stars pla
es severe
onstraints on the dete
tor sensitivity.It has been known for a long time that the s
intillations of single stars also 
ontain information on the verti
alturbulen
e pro�le (see a review in5). O
hs et al.6 have built an instrument based on this idea. Although the verti
alresolution of single-star pro�lers is mu
h worse 
ompared to SCIDAR, the availability of bright single stars and thesmall size of required apertures make this approa
h attra
tive for pro�le monitoring. Atmospheri
 isoplanati
 pat
hsize �0 is readily estimated from the s
intillation index of single stars observed through a 10-
m aperture7;8.Re
ently we suggested to measure di�erential s
intillations of single stars in two 
on
entri
 apertures9;10. Thisapproa
h permits to obtain low-resolution turbulen
e pro�les and hen
e to measure seeing and �0. In this paper weanalyze this te
hnique in more detail and extend it to the temporal analysis whi
h leads to estimates of the atmo-spheri
 time 
onstant �0. Thus, this approa
h opens a way to the new generation of simple and robust instrumentsfor 
omplete monitoring of atmospheri
 turbulen
e parameters relevant to high angular resolution imaging.In Se
t. 2 the well-known theory of stellar s
intillations is extended to the 
ase of di�erential s
intillations. Thisextension is straightforward, and instead of repeating the derivation we provide only the full 
omplement of formulasneeded for the pra
ti
al implementation of the proposed te
hnique. The in
uen
e of aperture shape is investigatedin Se
t. 3. Appli
ation of this te
hnique to turbulen
e pro�ling is brie
y outlined in Se
t. 4, the in
uen
e of �niteexposure time is investigated in Se
t. 5. Finally, in Se
t. 6 the new method of �0 measurements is des
ribed and inSe
t. 6 the 
on
lusions are formulated.
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2. Normal and di�erential s
intillation indi
esThe results of the theory of wave propagation in turbulent media1;2 are used here. The standard theory is basedon the weak perturbation (Rytov's) approximation, whi
h is appli
able in 
ase of astronomi
al observations at notvery large zenith angles. A point light sour
e at in�nity (star) is observed. The distribution of light intensity Iin the teles
ope pupil is related to the relative 
u
tuations of the wave amplitude � like I = I0 exp(2�). Rytov'sapproximation is valid when �� 1. The s
intillation index SI, i.e. varian
e of the natural logarithm of light intensity�2I � 
(ln I � hln Ii)2� ; (1)is 
al
ulated as an integral over altitude of the produ
t of refra
tive index stru
ture 
onstant C2n and some weightingfun
tion (WF) Q. Angular bra
kets denote statisti
al averaging. In the following we use range z = h se
 
 instead ofaltitude h, to take into a

ount observations at some zenith angle 
:�2I = Z Zmax0 dz C2n(z)Q(z); (2)where the integration is performed from the teles
ope aperture (z = 0) to the maximum distan
e of turbulen
e,Zmax (Ref. 2, Eq. 8.3). The WF Q(z) is an integral over spatial frequen
ies of the produ
t of two terms: turbulen
espe
trum and Fresnel di�ra
tion term. In pra
ti
e light intensity is always averaged over a �nite aperture. It
orresponds to additional spatial �ltering, as shown by Young11 (see also Tatarski1, Roddier2, p. 343, and Ref. 7),so a third term appears under the integral. These formulae are found in the literature in two forms, depending onwhether the spatial frequen
y f (one over period) or the wavenumber k = 2�f are used as the integration variable.First 
onvention is adopted in Refs. 2, 8 and here, while wavenumber 
onvention is adopted in Refs. 7, 9. For thewavelength �, Q(z) = 9:62��2 Z 10 df f�8=3 sin2(��zf2)A(f): (3)In Eq. 3 the integration is performed over the modulus f of the spatial frequen
y ve
tor (fx; fy). While turbulen
espe
trum and Fresnel term indeed possess angular symmetry, this does not hold for apertures of arbitrary shape.Thus, in the general 
ase the aperture �lter must be averaged over the angle before integration over f . Let W (x; y)be the aperture transmission fun
tion, and ~W (fx; fy) { its Fourier transform, normalized so that ~W (0; 0) = 1.Transformation to polar 
oordinates in the spatial frequen
y plane, (fx; fy)! (f; �), and angular averaging lead tothe general expression for A(f): A(f) = (2�)�1 Z 2�0 d� j ~W (f; �)j2: (4)For example, for a 
lear 
ir
ular aperture of diameter d the aperture �lter isA
ir
(f) = �2J1(�df)�df �2 ; (5)where J1 is the Bessel fun
tion.Now, suppose that the s
intillations are observed simultaneously with two apertures W1 and W2, produ
ing light
uxes I1 and I2. The di�erential s
intillation index (DSI) �2d 
an be de�ned as a varian
e of the natural logarithmof the ratio of two 
uxes: �2d = *�ln I1I2 � hln I1I2 i�2+ : (6)2



The standard theory of small perturbations leading to the Eqs. 2,3 
an be easily adapted to this 
ase. It followsfrom Eq. 6 that �2d = 4h(�1 � �2)2i. The Fourier transform of �1(~x) � �2(~x) is 
omputed as a di�eren
e of theFourier transforms, whi
h, in turn, di�er only by aperture �lters. Hen
e the di�eren
e ~W1(fx; fy) � ~W2(fx; fy)appears instead of ~W (fx; fy). Then, as in the standard theory, the power spe
trum is found and the varian
e is
omputed by integrating it over frequen
ies; the square modulus of the aperture �lter j ~W (fx; fy)j2 is repla
ed nowby the square modulus of the aperture fun
tion's di�eren
e. So, for the two apertures W1 and W2 the �lter fun
tionis now Ad(f) = (2�)�1 Z 2�0 d� j ~W1(f; �)� ~W2(f; �)j2; (7)and Eq. 2 remains valid for the DSI if A(f) is repla
ed by Ad(f). Di�erential s
intillation 
an be regarded as aparti
ular form of spatial �ltering of the intensity 
u
tuations in the pupil plane. O
hs et al.6 also used spatial�ltering in their pro�ler and developed similar formulae.3. Di�erential s
intillation for various aperturesThe weighting fun
tions for di�erential s
intillations (Eqs. 3, 7) were 
omputed for three di�erent 
on�gurationof aperture pairs: 
on
entri
 
ir
ular and annular, non-
on
entri
 
ir
ular, and square (Fig. 1). The results are
ommented below.Con
entri
 
ir
ular/annular apertures. This 
on�guration (Fig. 1, top) was 
onsidered in Ref. 9. Let d bethe diameter of the outer annular aperture, and �d { diameter of the inner 
ir
ular aperture. Then the aperture�lters are~W1(f) = 11� �2 �2J1(�df)�df � �2 2J1(��df)��df � ;~W2(f) = 2J1(��df)��df ; (8)and the �lter Ad(f) is Ad(f) = (1� �2)�2 �2J1(�df)�df � 2J1(��df)��df �2 : (9)The remarkable property of WFs is that, starting from some altitude, they are pra
ti
ally 
onstant, and thus DSIdepends on the integral of C2n. The reason for this behavior is illustrated in Fig. 2. In 
ase of normal s
intillations,aperture �lter admits low spatial frequen
ies, whi
h dominate in the total integral (3) and in
rease with layer height.For DSI, Ad(f) has a form of a wide band-pass �lter. When it samples the os
illating part of the Fresnel term, theintegral be
omes independent of the os
illation period, i.e. independent of altitude. This happens when the Fresnelradius p�z is larger than the diameter of the inner aperture (p�z = 2:2 
m for � = 500 nm and z = 1 km).Non-
on
entri
 apertures. It is of pra
ti
al interest to 
onsider the 
ase of DSI measurements with twosymmetri
 apertures whi
h do not have a 
ommon 
enter. Su
h situation may o

ur when a teles
ope with a 
entralobs
uration is used, and inner aperture is sele
ted in the unobstru
ted outer part of the pupil.Let ~W1(f) and ~W2(f) be the real Fourier-transforms of the two rotationally symmetri
 (e.g. 
ir
ular) apertures.Without loss of generality we suppose that inner aperture is shifted along the x axis by some amount �. In thegeneral Eq. 7 the integrand will be equal to ~W 21 + ~W 22 � 2 ~W1 ~W2 
os(2�f�
os�). Angular averaging leads to theBessel fun
tion: Ad(f) = ~W 21 (f) + ~W 22 (f)� 2 ~W1(f) ~W2(f)J0(2��f): (10)It turns out that even a small amount of de-
entering 
hanges the shape of Ad(f) at low frequen
ies. Indeed, for
on
entri
 apertures Ad(f) is proportional to f4 at small f , while de-
entering adds a term of the order of f2. As3



a 
onsequen
e, more turbulen
e power at low frequen
ies is transmitted. Qualitatively, low-frequen
y 
omponent ofthe intensity variations 
an be represented as a gradient over aperture. For 
on
entri
 apertures the gradient doesnot 
hange the ratio of transmitted intensities, whereas for de-
entered apertures it does. Cal
ulations show thatthe DSI WF with de-
entering is in
reasing with altitude, 
ontrary to the 
ase of 
on
entri
 apertures.In Fig. 1 (middle) we illustrate the e�e
t of a small (0.1 of outer diameter) de-
entering on the WF. The 
al
ulationswere done for a pair of 
ir
ular apertures (i.e. the 
entral obs
uration of the outer aperture was negle
ted). For ade-
entering of 0.25, as would be appropriate if the outer zone of a 
assegrain teles
ope pupil were used, the WFs
ompletely 
hange their 
hara
ter.Square apertures. If the s
intillation pattern is observed by a dete
tor with square pixels, it is natural to
onsider square apertures. Applying Eq. (7) to a 
ase of square aperture of the size �d inside a square of the size d(\
on
entri
" square apertures), we obtain~W1(f; �) = (1� �2)�1 �sin
(df 
os�)sin
(df sin�) � �2sin
(�df 
os�)sin
(�df sin�)� ;~W2(f; �) = sin
(�df 
os�)sin
(�df sin�); (11)where sin
(x) = sin(�x)=(�x). Hen
e,Ad(f) = (1� �2)�2(2�)�1 Z 2�0 d� [sin
(df 
os�)sin
(df sin�)� sin
(�df 
os�)sin
(�df sin�)℄2: (12)The numeri
al 
omputation of Ad(df) shows that at small arguments it grows like f4, similar to the 
ase of annularapertures. At large f it falls asymptoti
ally as f�3, showing quasi-periodi
 os
illations typi
al of sin
 fun
tion. Weapproximated this fun
tion by a polynomial for df < 36 and set it to zero for larger arguments. Corresponding WFsare shown in Fig. 1 (bottom). They are qualitatively very similar to the DSI WFs for 
ir
ular/annular apertures.4. Estimation of seeing and turbulen
e pro�le from DSIIt is known1;2 that seeing it dire
tly related to the integral of C2n(z) over z. This integral over all altitudes ex
ept thelowest ones 
an be dire
tly derived from DSI, be
ause the WFs are 
onstant. Thus, a seeing in the free atmosphere(i.e. ex
luding boundary and ground layers) 
an be measured, whi
h is of 
ertain interest in site 
hara
terization.First a
tual DSI measurements of free-atmosphere seeing are reported in Ref. 10.The full integral (and full seeing) 
an also be measured if a prin
iple of Generalized SCIDAR is used4. The doubleaperture 
an be opti
ally 
onjugated to some negative altitude H , adding a virtual turbulen
e-free propagation path(Fig. 3). Thus, a ground layer also produ
es some s
intillation in this regime. The WFs are shifted to the left, and ifH is 
hosen large enough, a 
onstant WF over the whole range is obtained. However, a too large H would in
reases
intillation beyond the appli
ability of the weak perturbation theory; here we use shifts of less than 1 km, far fromsaturating s
intillations in real situations.The theory of Generalized SCIDAR is valid only for an ideal teles
ope with in�nite aperture. Pra
ti
ally, theteles
ope must be larger than the outer aperture diameter d by at least 2 Fresnel radii, 2p�jH j. Opti
al qualitymust be di�ra
tion-limited at a spatial s
ale d, or image quality better than �=d. An imperfe
t tra
king would movethe proje
tion of the aperture on teles
ope pupil, requiring an extra teles
ope size margin of 2�H for tra
king errorsof ��. It means that small values of H are preferable. Fortunately, H = �1 km is suÆ
ient for seeing measurementwith a pair of 2 and 4 
m apertures, requiring a teles
ope of 10-15 
m size with image quality better than 200 andtra
king errors within few ar
se
onds.The \
ut-o�" altitude of the DSI WF depends on d. With aperture pairs of di�erent diameters it is hen
e possibleto get information on turbulen
e intensity in di�erent slabs of atmosphere, | a turbulen
e pro�le. Unfortunately,the 
ut-o� is rather shallow, leading to poor verti
al resolution. Generalized regime must also be used to estimateturbulen
e in the lowest layers. Our preliminary studies indi
ate that with a set of SIs and DSIs measured with 4
on
entri
 
ir
ular/annular apertures of suitable size 
onjugated sequentially to the pupil plane and to �1 km, it ispossible to obtain a verti
al resolution �z=z � 0:5.The issue of signal-to-noise ratio a
hievable with stellar sour
es was addressed in Ref. 5. It is most 
riti
al for thesmallest apertures, where the WFs are smaller (less s
intillation signal) and the photon 
ux is also less. For example,the pair of 2 
m and 4 
m apertures has Q � 3 � 1010 m�1=3 (Fig. 1, top). A good seeing (0.5 ar
se
) 
orresponds4



to the C2n integral of 2:2 � 10�13 m1=3, leading to a DSI of 0.0066. Let us suppose that this signal is measured withelementary exposure time of 1 ms (see below) and that the 
u
tuations are averaged during 1 min. (a total ofM = 60000 samples). If the stellar sour
e of magnitude 2.5 is used (there is always su
h star not far from zenith),ea
h 1 ms exposure would give about N = 300 dete
ted photons in the 2 
m aperture (a total quantum eÆ
ien
yof 10% and a spe
tral bandwidth of 100 nm were assumed). Relative varian
e of 
ux due to photon noise would be1=N � 0:003, two times less than the s
intillation signal. Statisti
al averaging of M independent samples leads tothe relative error of M�1=2 � 0:4% in the estimated varian
e, whi
h means that the error 
aused by photon noisewould amount to only 0.2% of the s
intillation signal. The major sour
e of un
ertainty in the DSI measurementsis not the photon noise but the statisti
al noise of the s
intillation itself, for whi
h 1 ms samples are not totallyindependent and the relative error is larger than M�1=2. This was 
on�rmed experimentally10. Still, measuring DSIwith 1% relative a

ura
y in 1 min. is realisti
. Further dis
ussion of single-star turbulen
e pro�lers is outside thes
ope of this work.5. Finite exposure timeThe 
al
ulations above assumed that s
intillations are registered with in�nitely small time. In reality, the exposuretime is �nite, and this introdu
es a non-negligible bias in the SI or DSI measurements. This bias is 
al
ulated below.Integrating stellar light during a �nite exposure time � is equivalent to a spatial smoothing of the s
intillationpattern over a distan
e V � , if a single turbulent layer moving with a velo
ity V is 
onsidered. Here the Taylorapproximation of frozen turbulen
e is used, whi
h is good for small (< 0:1 s) exposure times when internal motionsin a layer 
an be negle
ted. Without loss of generality, we assume that ve
tor V is parallel to the x axis (for 
ir
ularapertures all other fa
tors are symmetri
).Smoothing in x-dire
tion is des
ribed by a 
onvolution with a re
tangle of the width V � , hen
e the s
intillationpower spe
trum is multiplied by the additional fa
tor j ~W� (fx; fy)j2, where~W� (fx; fy) = sin
(fxV �): (13)Repla
ing fx by f 
os� and using (4), the additional spatial �lter A� (f) 
aused by time averaging is obtained:A� (f) = (2�)�1 Z 2�0 d� sin
2(fV � 
os�) = T1(V �f); (14)where the fun
tion T1 was introdu
ed: T1(�) = (2�)�1 Z 2�0 d� sin
2(� 
os�): (15)We 
ould not �nd an analyti
 solution of this de�nite integral in the tables12 and 
omputed it numeri
ally. Thefun
tion T1(�) deviates from 1 quadrati
ally for � � 1, then falls rather rapidly, T1(1) = 0:309, and tends to (��)�1for � � 1. The 
hange of variables y = (1 + �2)�0:5 maps the (0; 1) interval in � into (0; 1) interval in y. Thefun
tion T1(y) 
an be approximated by the 8-th degree polynomial on this interval with an absolute error of �0:005or a relative error of �3%; moreover, su
h approximation has 
orre
t asymptoti
 behavior at large and small �. The
oeÆ
ients of T1 as power series in y from y0 to y7 are 0, 0.2245, 2.0247, �15.7485, 58.8973, �109.331, 97.6583,�32.7291.The above derivation is valid for apertures with a 
ir
ular symmetry and is appli
able both to normal SI and toDSI. The SI redu
tion produ
ed by a single layer at a range z due to �nite exposure time, R(�; z), is thus equal toR(�; z) = �2I (�; z)=�2I (0; z) = Q� (z)=Q(z) (16)for any symmetri
 aperture �lter A. Here Q is the WF given by Eq. 3, and Q� { the WF 
omputed from the sameequation by repla
ing A with AA� . This bias slightly depends on the range z for the SI, and is z-independent forDSI at those altitudes where WF is 
onstant. 5



In Fig. 4 the exposure time bias is 
al
ulated for a single layer, both for normal and di�erential indi
es. Itdepends only on the total shift V � . At small shifts the bias deviates from 1 quadrati
ally, while for large shifts itis proportional to (V �)�1. It has been suggested to 
orre
t the exposure bias by 
omputing the SI with redu
edtime resolution (from binned data). A ratio r = �2(2�)=�2(�) 
ontains some information on the s
intillations time
onstant. However, at V � � d the ratio of indi
es r tends to a 
onstant value of 0.5, and hen
e be
omes useless forbias 
orre
tion; only at r > 0:6 it is feasible to expe
t a reasonable 
orre
tion.A simple linear extrapolation (
orre
tion 1) was proposed in Refs. 10, 8:�2(� = 0) � 2�2(�) � �2(2�) = �2(�)(2 � r): (17)The 
orresponding 
orre
ted bias is plotted in Fig. 4 in dotted lines. It is evident that it over-
orre
ts at small V �by � 10% and under-
orre
ts at larger V � . A somewhat better 
orre
tion (
orre
tion 2, dashed lines in Fig. 4) isgiven by �2(� = 0) � �2(�)=(1:4� 0:4=r): (18)Using �ve pro�les measured at Cerro Pa
hon in O
tober 1998 (Ref. 13), we 
omputed the 
ontributions of individuallayers to the total DSI, and integrated them to obtain the DSIs with di�erent exposure times (Eq. 6 with the weightingfun
tion Q� instead of Q). One su
h example is shown in Fig. 5. It is immediately apparent that the bias variessigni�
antly with altitude, following V (h). Strong turbulent layers are often asso
iated with a velo
ity shear, andthe resulting exposure time bias is less than one would expe
t for a single layer moving with the maximum velo
ity.The 
al
ulated bias for a DSI with 4 and 2 
m aperture pair is given in Table 1 for the 5 pro�les. The two proposed
orre
tions are applied, and the bias remaining after 
orre
tion is given in the last two 
olumns of Table 1. Asexpe
ted, both 
orre
tions are a

urate within 5%, the �rst one is slightly over-
orre
ting, and the se
ond one isunder-
orre
ting.Our 
on
lusion is that the ratio r of the two indi
es 
omputed with raw and binned data is a good diagnosti
 ofthe exposure time bias and, to a 
ertain extent, is useful for re
overing from it with an a

ura
y of few per 
ent.However, su
h de-biasing also in
reases the noise in the indi
es by as mu
h as 2 times.6. Di�erential exposure s
intillation and time 
onstantThe adaptive opti
s time 
onstant �a is related to the C2n-weighted integral of the wind velo
ity modulus V 5=3 overrange14: �a = 0:314r0= �V = 0:057�6=5 "Z Zmax0 dz C2n(z)V 5=3(z)#�3=5 : (19)Is it possible to measure �a using s
intillations? At �rst sight, the task seems formidable: not only must we have aWF whi
h does not depend on altitude, but this fun
tion must in
rease as V 5=3. The e�e
t of exposure time is justopposite, de
reasing weight for faster wind. However, a new idea 
an be tried.The prin
iple of di�erential s
intillations 
an be applied not only to di�erent apertures, but also to di�erentexposure times, by 
omputing the di�erential exposure s
intillation index (DESI) �2de (varian
e of the logarithm ofintensity ratio with di�erent exposure times):�2de = *�ln I(�1)I(�2) � hln I(�1)I(�2) i�2+ : (20)The �2de 
an be viewed as a varian
e of the bandpass-�ltered s
intillation signal with suppressed low frequen
ies.It is 
onvenient to bin the adja
ent 3 values of I(t) data, whi
h gives the exposure ratio �1=�2 = 3. Correspondingaperture �lter is obtained from the general Eq. 7 by putting there two sin
 fun
tions. The result is Ade(f) = T2(V �f),where 6



T2(�) = (2�)�1 Z 2�0 d� [sin
(3� 
os�)� sin
(� 
os�)℄2: (21)The numeri
al te
hnique is similar to that used for T1: � is repla
ed by a new variable y = [1+(3�)4℄�1=4 and T2(y)is approximated by an 8-th degree polynomial with the 
oeÆ
ients 0.0189,�0.3308, 15.885,�108.45, 344.32,�532.12,390.27, �109.59. This approximation is good to �0:015. Alternatively, a relation T2(�) = 53T1(�)� 83T1(2�) + T1(3�)
an be employed, as pointed out by the Referee. For 
ontrol, T2(1) = 0:201:Similarly to DSI, the WFs have two regimes. When the shift V � is less than the Fresnel radius p�z, the DESIWF is independent of altitude be
ause the os
illating part of the Fresnel term is averaged and low frequen
ies are
ut o�. In this regime the WFs in
rease with V , roughly proportionally to V 5=3 (Fig. 6). The se
ond regime is forlarge shifts, V � > p�z, when WFs diminish again, be
ause Ade(f) samples the Fresnel fa
tor near 
oordinate originwhere it is small.Additional aperture averaging 
ompli
ates the things unless d � p�z, whi
h is diÆ
ult to a
hieve. Aperturein
uen
e be
omes signi�
ant for V � � d, and leads to a de
rease of WF faster than V 5=3 at small V .In Fig. 7 the DESI WFs are given for a 1 
m diameter 
ir
ular aperture and exposure times of 1 and 3 ms.Proportionality to V 5=3 implies that for a 2-fold in
rease in V the weights should in
rease by 3.17 times. This isa
hieved for altitudes above 10 km and wind speeds between 20 and 40 m/s.Let us suppose that a small aperture is 
onjugated to some negative altitude. Wind speed at the ground is notlikely to ex
eed 20 m/s (at higher wind teles
opes are not operational anyway), and ground layer 
ontribution tothe integral (19) will be estimated 
orre
tly. Higher layers may move faster, but pose less problems owing to thein
reased Fresnel radius. So, there is a hope that atmospheri
 time 
onstant �de 
an be estimated using the relation�de = K [�2de℄�3=5: (22)By 
hoosing the appropriate proportionality 
onstantK, we might obtain �de � �a in a 
ertain range of parameters.How good is this approximation?We took 5 real pro�les of C2n(h) and V (h) measured by balloons at Cerro Pa
hon13 and 
omputed �a from Eq. 19.The DESIs were 
omputed from the same pro�les for a 2-
m 
ir
ular aperture 
onjugated to �1 km. Corresponding�de are 
ompared to �a in Fig. 8 with an empiri
ally adjusted 
onstant K = 0:175 (asterisks). The agreement iseven better than expe
ted! Of 
ourse, it 
an be worse for some less \
ooperative" pro�les. To in
rease further therange of time 
onstants, the same pro�les were pro
essed with velo
ities in
reased or de
reased by two times. Forhigh velo
ities (small �a, pluses) the agreement is still good, but large �a (slow wind) seem to be systemati
allyover-estimated: �2de is too small be
ause of �nite aperture size. However, for large �a the data 
an be binned todouble the exposure time, thus re
overing the a

ura
y of this method.7. Con
lusionsA new 
on
ept of di�erential s
intillation index for two di�erent apertures (DSI) and for two di�erent exposuretimes (DESI) is introdu
ed. A generalization of the standard weak-perturbation theoreti
al results to this 
ase isstraightforward and implies only a 
hange of the aperture �ltering fun
tion: instead of a low-pass spatial �lter, itbe
omes a bandpass �lter. The new property of DSI for 
on
entri
 apertures is its independen
e of altitude over a
ertain range. It permits to use DSI for the measurement of seeing and for the 
rude study of turbulen
e verti
alpro�le. Similarly, DESI o�ers a pra
ti
al way to measure atmospheri
 time 
onstant with a reasonable a

ura
y of10% or better.This approa
h to turbulen
e measurements requires an aperture of moderate size (less than 15 
m) and few lightdete
tors. Teles
ope vibrations are not 
riti
al. A new generation of robust site-testing equipment and seeingmonitors based on this prin
iple may be designed. As a 
aveat, it should be noted that s
intillations sample phaseperturbations of 
entimetri
 size, and an extrapolation of results to large spatial s
ales inevitably relies on turbulen
emodels. This is a 
ommon feature of all 
urrent te
hniques for turbulen
e 
hara
terization like SCIDAR, DIMMor balloons. Thus, although a rather 
omplete set of atmospheri
 opti
al parameters (seeing, pro�le, isoplanati
7



angle, time 
onstant) 
an be derived from s
intillations, additional te
hniques (like GSM8) are needed to study thelow-frequen
y turbulen
e whi
h is important for large-aperture teles
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Fig. 1. The DSI weighting fun
tions are plotted for three di�erent 
on�gurations of the two apertures. Cal
ulations aremade for � = 500 nm, � = 0:5, and aperture size d of 16 
m, 8 
m, and 4 
m. Top { 
ir
ular 
on
entri
 apertures. Middle {WFs for two 
lear 
ir
ular apertures with d = 4 
m, � = 0:5 whi
h are 
on
entri
 (dashed line) or de-
entered by � = 0:1d.Bottom { square 
on
entri
 apertures. 9



Fig. 2. Weighting fun
tion for DSI is given by the integral of three-terms produ
t over spatial frequen
y (Eq. 3). Theprodu
t of turbulen
e spe
trum f�8=3 and Fresnel fa
tor sin2(��zf2) is plotted for layer altitudes of 4 km (full line) and 6km (dotted line). The aperture �lter for di�erential s
intillations with 4 
m and 2 
m apertures (dashed line) 
uts o� lowfrequen
ies and averages the os
illations, leading to an altitude-independent WF.
H=0

H>0 H<0

H=0H>0Fig. 3. S
intillation index measurement in the generalized SCIDAR mode. The aperture, instead of being pla
ed in theexit pupil (H = 0), is opti
ally 
onjugated to some other altitude H. A turbulent layer gives no s
intillation if aperture is
onjugated to it, but gives in
reased s
intillation if H < 0, as though an extra propagation path was added. The aperturemust be smaller than exit pupil in order to avoid di�ra
tion at the pupil edge.
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Fig. 4. Exposure time bias R(�; z) (Eq. 16) for normal and di�erential s
intillation as a fun
tion of single layer windvelo
ity (full lines). The suggested bias 
orre
tions are plotted as dotted (
orre
tion 1) and dashed (
orre
tion 2) lines. Left:normal SI, R(� ) for a 10 
m aperture, a layer at z = 15 km, and exposure times of 5 and 10 ms. Right: R(�; z) for DSI with4 and 2 
m apertures, layer at z = 5 km, exposure times 1 and 2 ms. The bias depends only on the V � produ
t, hen
e the
urves for di�erent exposure times 
an be obtained from ea
h other by horizontal stret
hing.

Fig. 5. For a true turbulen
e and wind pro�le with 0.5 km resolution, the relative 
ontribution of layers to the DSI asmeasured with 4 and 2 
m apertures is plotted in solid line. This 
ontribution is proportional to C2n(z)Q(z). The dashed lineshows the redu
ed 
ontribution with a 1 ms exposure time. Exposure time bias R(1ms) is plotted as dotted line.

Fig. 6. Weighting fun
tions for DESI are plotted against wind speed for exposure times 1 and 3 ms (full line), and 0.5and 1.5 ms (dashed line). A single layer at 10 km and 
ir
ular aperture of 1 
m diameter are assumed. Dotted line shows theV 5=3 law.
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Fig. 7. Weighting fun
tions for DESI. Exposure time 1 and 3 ms, aperture diameter 1 
m, wind speed 40 m/s (full line),20 m/s (dashed line) and 10 m/s (dotted line).

Fig. 8. Atmospheri
 time 
onstant �a is 
ompared to its estimate �de for the 5 real turbulen
e pro�les measured byballoons at Cerro Pa
hon on nights with di�erent 
onditions (asterisks). The same pro�les were pro
essed by in
reasing orde
reasing the wind velo
ities by 2 times (pluses and diamonds, respe
tively).
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