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ABSTRACT

Aims. Current and future ground-based interferometers requiosviedge of the atmospheric time constgpntbut this parameter has diverse
definitions. Moreover, adequate techniques for monitotjrggill have to be implemented.

Methods. We derive a new formula for the structure function of thedgrphase (piston) in a long-baseline interferometer, aridweavailable
techniques for measuring the atmospheric time constanttenshortcomings.

Results. It is shown that the standard adaptive-optics atmospharie tonstant is sficient for quantifying the piston coherence time,
with only minor modifications. The residual error of a fashffe tracker and the loss of fringe visibility in a finite exooe time are
calculated in terms of the same parameter. A new method lasée fast variations of defocus is proposed. The formuladting the
defocus speed to the time constant is derived. Simulatibags-cm telescope demonstrate the feasibility of this remhinique for site testing.
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1. Introduction tial loss in limiting magnitude. It is hence important to reee

Astronomical sites for classical observations are charactthl:"time constant, to, of the piston — i. . the mean phase over
. . o : ) . the telescope aperture — at existing and future sites. Hemvev
ized in terms of atmospheric image quality (seeing). Fohhig

. . ) ’ the exact definition of is not clear, any more than are methods
angular resolution techniques such as adaptive optics Q) ol y

interf t diok dditi | ters &th to measure it. Do we need an interferometer to evaligatkst,
interierometry, we need fo know additional parameters.atne ifferent fromry? Does it depend on the aperture size and base-
mospheric coherence time is one of these. Here we refine §

e . . . s @72 We review various definitions of the interferometiiog
definition of the interferometric coherence time, reviewiayv

able techniques. and pronose a new method for its meas constant based on the piststnucture function (SF), on the er-
; ques, prop Y6¢ of a fringe tracker, and on the loss of fringe contrastraur
meq_ﬁé AO time constant is a well-defined parameter re a finite exposure time. It is shown that the piston time cartsta
y TOs - i H H H
: S . is proportional to the AO coherence timg both depending on
lated to the vertical distribution of turbulence and wine:eg prop b 9

(Roddier 1981). To correct wave fronts in real time, dfisu the same cqmblnatlon (,)f atmosph.erlc parameters.-
cient number of photons from the guide star is needed within During site exploration campaigns, one would like _t‘? pre-
each coherence area during time This severely restricts thed'Ct_the performance 9f Ia_rge bas_e-hne interferometers jeis
choice of natural guide stars and tends to impose the compfigeiraple to do this with single-dish and, preferably, $teds-
use of laser guide stars (Hardy 1998). It is shown below thfCPeS: The existing techniques tgrmeasurement are listed
new, simple methods af, monitoring are still needed. and a new method for site testing proposed.

Modern ground-based stellar interferometers attain ex-
treme resolution, but their sensitivity is limited by thenat
sphere. Even at the best observing sites, such as Parand. iptmospheric coherence time in interferometry
Chile, fast fringe tracking is not fully operative yet, andeo
therefore tends to employ exposure times that are shorggno&.1. Atmospheric coherence time g

to “freeze” the atmospheric turbulence. The price is a subst _ ) )
First, we introduce the relevant atmospheric parametet then

Send offprint requests to: A. Kellerer AO time constantg. For convenience, we outline the essential
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formulae, but for the general background, we refer the neade When an interferometer with larger circular apertures of

to Roddier (1981). diameterd is considered, phase fluctuations are averaged in-
The spatial and temporal fluctuations of atmospheric phaside each aperture. As shown later, for time incrementslemal
distortiony are usually described by the SF thand/V, the piston structure function is quadratictiand is
L , a2 essentially determined by the average wave-front tilt dkier
Dy(r,t) = ([ep(r', ) = (r + 1", t+ )], (1) aperture. The variance of the gradientdiltin radians) in one

which depends on the transverse spatial coordinated time direction is (Roddier 1981, Conan et al. 1995, Sasiela 1994)
intervalt. The angular brackets indicate statistical average. ¢2 = 0.170%r;”*d""/2, (6)

The atmosphere consists of many layers. The contributi{?\pe write the piston SF in this regime &5(t) ~ 2 (kos V)2

of a layeri of thickness & at altitudeh to the turbulence in- th tributi falll d obtain th .
tensity is specified in terms ﬁ,zé(h)dh, equivalently expressedSum € contributions ot afl fayers, and obtain the expoessi
_5/

through theFried parameter ro > = 0.423C2(h)dh, k = 21/4  Dy(t) ~ 1342 (Vat/ro)*(ro/d)"* = (t/t2)?, 7
being the wavenumber. The spatial SF inithertial range (be-

tween inner and outer scales) is where the modified time constatat= 0.273 o/V2) (d/ro)*/.

The analysis of the tilt variance with finite outer scale byn@o
D,(r,0) = 6.883 (r|/ro)*>. (2) etal. (2000) is applicable here. The finite outer scale resluc
the amplitude of the tilt and hence increases the piston time
It is assumed that each layer moves as a whole with tBgnstant, but thisféect depends on the aperture size and is not
velocity vectorV(h) (Taylor hypothesis). The temporal SF ofery strong ford < 1 m.

the piston fluctuation®,,i(0, t) in one small aperture due to a  Note that for small time intervals there is a weak depen-

single layer is then equal to, the spatial SF at stift dence of the SF on the aperture diameter. Also, the wind ve-
_ _ 15/3 locity averaging is slightly modified. However, the expiess
Dqi(0.1) = 6.883 [V (Mt/ro ] (3) for t; andty produce similar numerical results as longdisg
Summing the contributions of all layers, we obtain is not too large. Thus, the system-independent definitidhef
. AQ time constant (4) also gives a good description of the tem-
D,(0.1) = 2910153 K2 f V53()C2(h)dh poral variations of the piston. _ _
0 For time delays of approximate®/V and larger, the pis-
= 6.883 (Vs3/r0)”° = (t/70)°°, (4) tonson two apertures are no longer independent. However, es

o timates of the time interval over which the Taylor hypotkesi
wherero = 0.314 (o/Vs/3) is the AO time constant (Roddieris valid range from~ 40 ms (Schoeck & Spillar 1998) to sev-
1981) and the average wind speéglis computed as eral seconds (Colavita et al. 1987). Hence, at time intsrvél

1s or more, the Taylor hypothesis is insecure. Moreover, the
finite turbulence outer scale reduces the amplitude of siew p
®) ton variations substantially. Here we concentrate onlyagmick
piston variations where our approximations are valid.
The formulae are valid for observations at zenith. At angle
v from the zenith, the optical path is increased in proportiog
to theair mass, secy, and the SF increases by the same fac-
tor. Further, the transverse component of the wind velocithe temporal power spectrum of the atmospheric fringe posi-
changes. In the following, we neglect these complicatiotts ation has been derived by Conan et al. (1995). Their result is
consider only observations at zenith, but the analysis aff reeproduced in Appendix A with minor changes. The temporal
data must account for # 0. piston power spectrum (A.4) produced by a single turbulent
layer is represented in Fig. 1 for a specific set of parameters
Because of the infinite outer scalg, this example is not re-
alistic for frequencies below 1Hz. Moreover, as discussed
In an interferometer with a large baselirg % Lo, whereLy: in Sect. 2.2, Taylor’s frozen flow hypothesis becomes ilvali
turbulence outer scale) the phase patterns over the apeete at low frequencies. Due to the infinite), the asymptotic be-
uncorrelated on short time scales. Thus, for a small tiner-inthavior of the spectrum, and in particular the ctitfoequen-
val (t < B/V), the SF of the phasef@iérencep (do not confuse cies, do not depend on the wind direction (Conan et al. 1995),
with the phase) in an interferometer with two small aperturesvhereas, in the real case of a finite outer scale, the fiites
will simply be two times largerD,(t) = 2D,(0,t) (Conan et quencies areftected by wind direction, as described by Avila
al. 1995). As a result the fierential piston variance reaches Et al. (1997). Conan et al. (1995) point out that changiniguur
racf for a time delayty = 273/° 75 = 0.66 7o. Note that, in the lence intensity and wind speed shift the spectrum verjicaid
case of smaller baselines and large outer scales — when-thehasizontally, respectively, without changing the shapetef
sumptionB > Lo becomes invalid -D,(t) < 2D,(0,t) and the curve on the log-log plot. In observations with a small biasel
resulting coherence time, accordingly, lies betwe®86, and (~ 12 m), the proportionality to~?/3 at low frequencies and to
70. Yet, B > Lg applies to the characterization of large baseline®? at medium frequencies has actually been measured, e.g.
interferometers at low-turbulence sites. by Colavita et al. (1987).

00 1/p
[ VP(h)C2(h)dh

5 C2(hydn

3. Piston power spectrum and structure function

2.2. Piston time constant
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Fig. 1. Theoretical temporal power spectrum of the fringe positbn Fig. 3. Structure function of the fringe position for an interfereter

0.5um wavelength. The two telescopes are separated by 100 m aith mirror diametersl = 0.1 m,ro = 11 cm,V = 10 mys. The vertical
have mirrors of 2m diameter, the Fried parameter equaié1lcm, line corresponds t6 = d/V. Fort < d/V, the SF is quadratic in t
the wind vector makes an angle ef= 45° with the baseliney = (dotted line), cf. Eq.7. For longer time scalés, ~ 2D, (dashed
10nys. The vertical lines correspond to the frequencieBVPB and line).

0.3V/d. The asymptotic power laws are?’3, v-8/3,y~17/3 from lowest

to highest frequencies.
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5/% m/s Fig. 4. Variance of corrected fringe position as a function of theda

Fig. 2. Relation between average wind velocitiég; andV, for 26 width frequency of the correction system. The parametetBeofim-

balloon profiles at Cerro Pachon in Chile (Avila et al. 2000)e full ulation are identical to those of Fig.1. At frequencies I&igthazn
line corresponds to equality, the dashed lineis= 1.1 Vys. ve = 0.3V/d (vertical line), the variance is approximated byt{&;)~
(dotted line).

Based on the piston power spectrum, we derive 4. Error of a fringe tracking servo
Appendix A the new expression of the piston SF valid for time
increments < min(B/V, Lo/V): A fringe tracker measures the position of the central friage

computes a correction. The actual compensation equalathe i
tegrated corrections applied after each iteration. Oulyaisas
similar to the classical work by Greenwood & Fried (1976). Fo
a more detailed model that takes th&eet of the finite expo-
As seen in Fig. 3, fot > d/V, the piston averaging over apersure and response times of the phasing device into accaent, s
tures is not important and we obtd, = 2D, in agreement the work by Conan et al. (2000b). The error transfer funodibn
with heuristic arguments. For very short increments d/V, a first-order phase-tracking loop equals

(8) reduces to (7). The average wind speed is Vs/3 ~ V.

The diference betweevis;s andV; is indeed small (Fig.2).  T(v) = iv/(vc +iv), 9)

Dy(t) ~ 1376 (Vt/ro)? [1.17 @/ro)? + (Vt/ro)?]Y°. (8)
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wherev, is the 3dB bandwidth of the system. The tempor#hanry/V or fast fringe trackers are required in order to main-
power spectrum of the corrected fringe positiomigy) = tain high fringe contrast. In this regime, the relevant ticoa-

[T (v)|?w,(v). The residual piston variance characterizes the pstant that determines the visibility losstis rather tharrg and
formance of the phasing device. This variance is shown Tq.

Fig. 4 as a function ofc and is given by All definitions of atmospheric time constants contain a

+oo combination ofro andV. As turbulence becomes stronger, the
o2(ve) = f V2 (V2 + %) Wy(v)dv. (10) time constant decreases, although the wind speed may remain
e unchanged. Being less correlated, the paramejgvsare thus

Whenv, < 0.3V/d, the fringe tracker is too slow and leavedOre suitable for characterizing atmospheric turbulehee t
a large residual error: only fast trackers with > 0.3v/d the _parameters),ro. Astronomical sites with “slow” or “fast

are of any practical interest. In this case, the dominant cotf€ing should be ranked in terms\éfrather thanro. A fair
tribution to the residual variance in (10) comes from the fr&Orrelation betwee and the wind speed at 200mB altitude
quencies just below.8V/d, where the filter is approximated"aS been noted by Sarazin & Tokovinin (2002).

as {/vc)?. Hence the residual variance is proportional to the

variance of the piston velocity. There is a simple relatien b

tween the residual error of the fringe tracker and the stinect

function of the piston. For small argumentsve can replace 3, Measuring the atmospheric time constant
2[1-cos(2mvt)] ~ (2nvt)? in the expression (A.5) for the phase

SF. Then the residual error of the fast fringe tracker is §ymp 3.1. Existing methods of To measurement

oa(ve) = Dy[1/(21vo)] ~ (2nvets) 2 (11) Table2 lists methods available for measuring the atmospher
] _ coherence timeg or related parameters. The 3rd column gives
Thus, we have established that the error of the fast fringg indicative diameter of the telescope aperture requioed f

tracker and the initial quadratic part of the piston SF are €s;ch method. Short comments on each technique are given be-
sentially determined by the variance of piston velocity ehi |oy.

in turn, depends on the tilt variance and the average wineldspe o . .
V. SCIDAR (SClintillation Detection And Ranging) has pro-

vided good results omp. It is not suitable for monitoring be-
cause manual data processing is still needed to ex#dgt
2.5. Summary of definitions and discussion despite €orts to automate the process. Balloons provide only

. _ . single-shot profiles of low individual statistical signéitce.
Table 1 assemblesftierent definitions of the atmospheric co- g P 9

h " We h d trated that the fi i The AO systems and interferometers give reliable results, b
erence ime. Vve have demonstrated that the ime contg an:}re not suitable for testing new sites or for long-term mmnit
of the piston SF is proportional to the AO time constant-or

small time increments, a slightly modified parameteshould ng-
be used. The methods listed in the next four rows of Table 2 all re-

A different, but essentially equivalent, definition of the pigiuire small telescopes and can thus be used for site-testing
ton coherence tim&, = 0.81 ro/Vs3 = 2.58 7 has been However, all these techniques have some intrinsic problems
given by Tango & Twiss (1980) and reproduced by ColavifdSS (Single Star SCIDAR) essentially extends the SCIDAR
et al. (1987). It is the integration time during which thetpis technique to small telescopes: profiles@ih) and V() are
variance equals 1 rddWhen fringes are integrated over a tim@btained with lower height resolution than with the SCIDAR,
To, the mean decrease in squared visibility equgls Here and are then used to derive the coherence time. The GSM
we use the more convenient definitign= 0.66 7o based on (Generalized Seeing Monitor) can only measure velocitfes o
the temporal SF and warn against confusion with Tangg:s Prominent layers after careful data processing. A coherenc
The definition ofT is valid only for T > d/V, while shorter time, 7aa — which, however, does not have a similar depen-
integration times are of practical interest (see below). dence on the turbulence profile tham andt; — is deduced

The performance of the fringe-tracker in a long-baselif@®™m the angle of arrival fluctuations. MASS (Multi-Apereur
interferometer can be characterized by the atmospherie tipcintillation Sensor) is a recent, but already well-provarbu-

constant, or, equivalently, by the average wind sp&&d The lence monitor. One of its observables related to scintifein a
AO time constantrg (or Vs;3) is also a good estimator of the2 CM aperture approximate’ss (Tokovinin 2002), but this av-

piston coherence time, especially for small apertdresro. eraging does notinclude low layers and thus gives a biased es

In order to reach a good magnitude limit, all modern intep-]alte Ofro. AN even Ies; secure evalu_ationr@i;an be obtaine_zd
ferometers have large apertuks ro. The atmospheric vari- from DIMM (Di ﬁere.ntlal Image Mqtmn Monitor) by .combm-
ance over the aperture isOB (d/ro)®® > 1rad? and has to be ing the measureq with meteorological data on the wind speed
corrected by some means (tip-tilt guiding, full AO correctj (Sarazin & Tokovinin 2002).

spatial filtering of the PSF) even at short integration tinTése We conclude from this brief survey that a correct yet simple
temporal piston variance will also bel rad® on time scales technique for measuring, with a small-aperture telescope is
approximatelyro/V and longer. Hence exposure times shortstill lacking. Such a method is proposed in the next section.



Table 1. Definitions of atmospheric time constants

A. Kellerer and A. Tokovinin: Atmospheric coherence timegiterferometry: definition and measurement

Quantity of interest Formula

Time constant

Phase SF D, (t) = (t/70)%° 70 = 0.31410/Vs)3
Piston SFf < d/V Dy(t) = (t/t1)? ty = 0.273 (o/V2)(d/ro)Y/®
Piston SF{ > d/V Dy(t) = (t/t0)** to = 0.66 7o
Piston variance during an expostre d/V  o(t) = (t/To)*? To = 25819
Phase tracker error, > 0.3d/V 2ve) = 2vet)) 2 4
Table 2. Methods ofrg measurement
Method Measurables d, m Problems Reference
SCIDAR C2(hy, V(h) >1 Needs large telescope Fuchs et al. 1998
Balloons C2(h), V(h) none  Expensive, no monitoring Azouit & Vernin 2005
AO system g, 19 >1 Needs working AO Fusco et al. 2004
SSS C2(h), V(h) >0.4  Low height resolution Habib et al. 2006
GSM ro, V, Tan 4x0.1 No obvious relation tey andt;  Ziad et al 2000
MASS T 0.02 Biased (low layers ignored) Kornilov et al. 2003
DIMM o 0.25 Indirectry estimate Sarazin & Tokovinin 2002
FADE ro, t1 0.35 New method This work
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Fig. 6. Temporal structure functions of simulated measuremeritgeaing radius for wind speeds 1Qsr{left) and 20 ifs (right) ando = 0.1 m
seeing (time constantg of 3.36 and 1.68 ms, respectively).

Wavefront distortions are commonly decomposed into
Zernike modes (Noll 1976). The first mode, piston, cannot be
sensed with a single telescope and the two subsequent modes,
tip and tilt, tend to be corrupted by telescope vibratioridsh®
remaining modes, the next three — defocus and two astigma-
Fig. 5. Five consecutive ring images distorted by turbulence atetele tisms — have the highest variance and are the best candidates

tor noise. Each image is 16x16 pixels @3, the average ring radius g, measuring atmospheric parameters.
is 3’, the interval between images is 3 ms, the wind speed is/40 m

The total turbulence integral (@g) is typically measured
by the DIMM (Sarazin, & Roddier 1990). Lopez (1992) tried to
derivety from the speed of the DIMM signal, but this method
did not prove to be practical. Because of its intrinsic asyanm

To measure the interferometric or AO time constant, we ne DIMM does not provide an estimator of that is inde-

an observable related 6, orV5/3. The atmosphere consistgeendent of the wind direction. On the other hand, the fourth
of many layers with dferent wind speeds and directions, so 4€"nike mode (defocus) is rotationally symmetric.

true C2-weighted estimator (5) is required. Its response should We show in Appendix B that the variance of defocus ve-
be independent of the wind direction. locity provides an estimator of the time const&ntThe vari-

3.2. The new method: FADE
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ance of the defocus itself gives a measuregofThus, we can input values are 3.36 and 1.68ms. Our simulated instrument
measure bothy andV,. The method is based on series of fasslightly over-estimatety because the chosen exposure time of
defocus measurements, and we call it FADE (FAst DEfocu§)ms is too long. Indeed, the error gets worse for a higher wind
The details of the future FADE instrument still need to bspeed and disappears fér= 5nys (true and measurdg are
worked out and will be a subject of the forthcoming papereHe6.73 and 6.62 ms) or for a shorter exposure time. In the real si
we present numerical simulations to show the feasibilitthef uation of a multi-layer atmosphere, the experimental SFoeil
approach. We simulated a telescopedof 0.35m diameter the sum of the SFs produced byffdrent layers. The contribu-
with a small central obstructioa = 0.1. A conic aberration tion to the “jump” of the SFD,(2At) — D,(At) from fast layers
was introduced to form ring-like images (Fig. 5). This config will be reduced (in comparison with the quadratic formulad a
ration resembles a DIMM with a continuous annular apertungill cause a bias in the measuridincreasing its value.

The ring radius 3 was chosen. The crudeness of our simulations (discrete shifts of the
Monochromatic { = 500 nm) images were computed on ghase screen, approximalg, etc.) also contributes to the mis-
642 pixel grid from the interpolated distortions and binneaintmatch. Averaging of the image during finite exposure time has
CCD pixels of 086" size. We simulated photon noise correnot been simulated yet. The response and bias of a real4instru
sponding to a star d® = 2 magnitude and 3 ms exposure timgnent will be studied thoroughly by a more detailed simulatio

(20000 photons per frame) and added a readout noise ofH&wever, the feasibility of the proposed technique for meas
electrons rms in each pixel. ing ty is already clear.

The rad'gsod‘)f the f:jng kl)ma_ge IIS callculgted In tg_e ;tzme The next two Zernike modes number 5 and 6 (astigmatism)
way as standard centroids, by simply replacing coordingte Wy o oy rotationally symmetric. However, the sum of the-vari

radius. The radius fluctuatiody serve as an estimator for the, , .as of the velocities of two astigmatism fiagents is again
defocus cofficientas. The radlu.s change is approxm_ated b¥ mmetric. In fact, it has the same spatial and temporatspec
the average slope of the Zernike defocus between inner idyeocys, with a twice larger variance. Therefore, siault

outer borders of the aperture: neous measurement of the two astigmatisnfiacients can be
_ N used to estimate the atmospheric time constant in the sage wa
Ap=Cpas~ 2 V3(L+ €)/m (1/)] s (12) as defocus. Other measurables that are symmetric and have a
The complex amplitude of the light distorted by two phaseutaf at high frequencies can be used as well. However, defo-
screens at 0 and 10 km altitude with combimge: 0.1 m was Cus and astigmatism have the largest and slowest atmospheri
pre-calculated on a large square grid (15m size, 0.015m p¥riances making it easier to measure than other higherord
els). This distribution is periodic in both coordinatesjirwas modes.
“moved” in front of the aperture in a helical pattern with the The FADE technique can be applied in a straightforward
wind speedV to simulate the temporal evolution of the waveway to the analysis of the AO loop data, as a simple alterna-
front. The exposure timat = 3ms corresponds to a wave+ive to the more complicated method developed by Fusco et al.
front shift VAt = 0.06 m forV = 20nys, such that the initial (2004).
quadratic part of the defocus SF £ 2Vt/d < 1) extends only
to ~ 3At.
Figure 6 shows the structure functid,, of the ring-image .
radius calculated from several secorﬁ[g}; of simulated data.41 Conclusions

contains a small additive component due to the measurem@gt reviewed the theory of fast temporal variations in thesgha
noise (in this case.05” rms), which was determined from thegiference in a large-baseline interferometer. For a prabtical
data itself by a quadratic fit to the 2nd and 3rd points and jfseresting case of large apertucks ro, the piston SF usually
extrapolation to zero. The dashed lines are the theore&di€al exceeds 1 rddat the aperture crossing tinte= d/V. Hence,

of defocus computed by (B.5) and converted into radius Wilhorter times are of interest where the piston SF is quadrati
the codficientC, (12). The slope between the second and th"@ather thanx t5/3). The relevant atmospheric time constant is
points of the simulated SF closely matches the analytical i@, However, the standard AO time constaptalso provides a
mula. good estimation of the piston coherence time. Both these pa-

To measure the speed of defocus variations, it i8@ent rameters essentially depend on the turbulence-weighted av
to fit a quadratic approximation to the initial part of the megge wind speel.

sured SFD,(t) ~ at?. Considering the noise, the best estimate

of the codficientais obtained from the second and third pointst : : . . ;
. ) . . he need for a simple technique suitable for site testingar-m
a = [D,(2A) - D,(At)]/(3At?). This estimator is not biased byitoring, i.e. working on a small-aperture telescope. ThestFA

wh|:_e rrlleasuremeg)t nf)ls_e.OE(;qzugélng :hte ‘g“adra“‘;f't to me tIE)Efoc:us (FADE) method proposed here fulfills this need. We

;)re 'C? eleresti'otﬁ() ~ .t tfcf’ {[hl) » We ge at;(;mpf argue that, for a given aperture size, this is the best way-of e

or calculating the time constant from the experimentagda tracting the information omg. The feasibility of the method is

t, ~ 0.284C,At [D,(2At) - Dp(At)]‘l/Z. (13) Proven b_y simulation, WhiCh opens a way to the development
of a real instrument. An instrument concept using a smadttel

Application of this formula to the simulated data gi¥esalues scope, some simple optics, and a fast camera will be describe

of 3.88 and 2.20 ms for wind speeds 10 and 26,iwhile the in a subsequent article.

A brief review of available methods for measurirygshows
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Appendix A: Derivation of the piston structure With this approximation,
function +oo0 +oo
, _ , , Dy(t) = 0.0388K? f C2dh f f [1 - cos(2rtfV)]
The spatial power spectrum of the piston is derived from the 0 —oo
spatial atmospheric phase spectrum (Roddier 1981) x AZ(f)f1Y3 df,df,
—+00 —+00
= 0.244K? f C2dh f [1 - Jo(2ntV )]
oo 0 0
W,(f) = 000969k [ (2 Ls?) 1 C2dn, (A1) X A(F)T- df. A7)
0

We wused the relation (Gradshteyn & Ryzhik 1965):

Wheref is the spatial frequenpyo theturpulence out_erscale at hcos(Zrzcos@)dO — 27 Jo(272). For a circular aperture of
heighth, and the other notations were introduced in Sect. 2

. i iameter,

We drop the explicit dependence 6f, Lo, and all following .
altitude dependent-parameterstgrto ease the reading of theD¢(t) — 1.641Kd5/3 f C2 dh Ky (2tV/d) (A.8)
formulae. The spatial filter that conveM,(f) into the piston 0 " ’
power spectruni(f) is where the new dimensionless variablesre 2tV/d andx =

nfd and the functiorky(8)

+00
M2(f) = [2 sin(xfB) A(f)]? (A.2) Ky = f [231(X)/X]?x 783 [1 = Jo(BX)] dx
Wy(f) = M2(f) W,(f), (A.3) 0 P
~ 1.1183m. (A.9)

for a baseline vectd® and the aperture filter functiol(f). For

a circular aperture of diametey A(f) = 2J1(xfd)/(xfd) and The approximation oKi(8) is accurate to 1% for all values

f = |f|. ThereJ, stands for the Bessel function of order of the argument and reproduces the analytic solutions of the
As usual, we assume that turbulent layers are transporteiggral for very large and very smgll For example, for large

with wind speedV directed at an angle with respect to the S the aperture filter tends to one; hence

baseline. The temporal power spectrum of the piston is then

obtained by integrating in the frequency plane over a lirge di

placed byf, = v/V from the coordinate origin and inclined at1(8)

anglea. Let fy be the integration variable along this line and

f2 = fZ + f2. The temporal spectrum equals

Q

f X783 [1 - Jo(BX)] dx

0

= 7/[28/312(11/6) sin(51/6)] B°° = 1.11835°3(A.10)
(cf. Eqg. 20 in Noll 1976). It follows that for > d/V

1= . .
wWy(v) = v f_m W¢(fx cosa + fysina, fy cosa — fy sma) dfy Dy(t) ~ 1377 Vss3t/ro)®3 = (t/t)">. (A.11)
_ 0.0388K2 fm V-IC2 dh fm(fz g2 Fort < d/V, Ky(8) ~ 0.86452 and
0 —c0

Dy(t) ~ 1341 Mat/ro)* (ro/d)™* = (t/ty)>. (A.12)

We recover (7). This proves that the initial part of the pis&#-
We use the rotational symmetry of the aperture filter. This fdS indeed defined by the overall wavefront tilts.

mula can be found in Conan et al. (1995) in a slightly dif- Forasingle turbulentlayer, the piston SF is directly pmepo
ferent form. The temporal power spectrum is defined here #@nal to Ky(8). Considering the small fierence between two
v = (—0, +0) to keep the analogy with spatial power spectradlternative definitions of the average wind spéégs ~ V, ~

x [sin(nBfxcosa + nBfysina) A(H|* df,.  (A4)

The temporal structure function of the piston is V, a good approximation for the SF at all time increments will
be
+00
Dy(t) = f 2[1 - cos(2rty)] wy(v) dv. (A.5)  Dy(t) ~ 3.88 (d/ro)* Ky(2tV/d). (A.13)

For an interferometer with a large baselide> d, the width of With the approximation (A.9), we finally obtain (8).

the aperture filter is much larger than the period of thé fin- _ o
tor in (A.4). We can then replace the %inith its average value Appendix B: Fast focus variation

0.5. Asspming also thdto > d, we obtain an approximation-l-he temporal power spectrum of the Zernike defocuditoe
for the piston power spectrum cienta, is given in Conan et al. (1995) as

+00

+00
wy(v) ~ 0.0194k? fo v C2dh wa(v) = 0.00969K f V~IC2 dh

—00

+00 +00
X f A2(£) 7143 dif,, (A.6) X f AZ(F) 1131, (B.1)

00 o0
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where Ay(f) = 2V3Js(nfd)/(xfd) is the spatial filter corre- Conan, J.M., Rousset, G., & Madec, P.Y. 1995, J. Opt. Soc. Am.
sponding to the defocus on a clear aperture of diantefioll 12,1559

1976), fy = v/V, f2 = fx2 + fyZ, and we assumk, > d. This Conan, R., Borgnino, J., Ziad, A., et al. 2000, J. Opt. Soc. A7,
expression is similar to (A.6) but has a two times smallef-coe 1807

ficient and a dferent aperture filter. The variance of defocus gon:”'f" TZil‘";‘d' A'\'/’I Bgr?/ninf” JJ' elt gagl;é Zg?a\os’g“l)ib SgéEﬁ‘l3
a function of the Fried parameter: ucns, A., fafon, M., & vernin, J. ' SN

Fusco, T., Ageorges, N., Rousset, G., et al. 2004, proc. ,SBA€0,
+0o 118
0'421 f Wa(v)dv Gradshteyn, I.S., & Ryzhik, .M. 1965, Table of integralsriss, and
- products. New York: Academic Press, 5th ed.

—+00 +00 .
0.00969K2 f C2dn f f A(F) £ 134, df, Greenwood, D.P., & Fried, D.L. 1976, J. Opt. Soc. Am., 66, 193
0 —oo Habib, A., Vernin, J., Benkhaldoun, Z., & Lanteri, H. 2006NIRAS,

0.0232 @/ro)*>. (B.2) 368, 1456 . | .
J.W. Hardy 1998, Adaptive Optics for Astronomical Telessap

The variance of the defocus velocity has the following depen Oxford: Oxford Univ. Press

dence on atmosphenc parameters KOrnilOV, V.,TOkOVinin, A., VOZyakOVa, O., et al. 2003, m()SPIE,
48309, 837
oo Lopez, B. 1992, A& A, 253, 635
2 _ 2 , » ) ’
Si = f_m (270v)"wa(v)dy Noll, R. 1976, J. Opt. Soc. Am., 66, 207
oo Roddier, F. 1981, Progress in Optics, 19, 281
= 0.383K? f Vzcﬁdh Sasiela, R.J. 1994, Electromagnetic Wave Propagationrinulence.
0 Berlin: Springer-Verlag
oo Schoeck, M., & Spillar, E. J. 1998, SPIE, 3353, 1092
2 A2 -11/3 » M., ) ) ) ,
% f j: oA T7d dy. (B:3)  sarazin, M., & Roddier, F. 1990, A& A, 227, 294
_ Sarazin, M., & Tokovinin, A. 2002, in: Beyond conventionalaptive
We setx = nfd and find: optics, eds. E. Vernet, R. Ragazzoni, S. Esposito, N. HES©
oo oo Conf. Workshop Proc. No. 58, Garching: ESO
5421 ~ 9.858K? d—1/3f VZCﬁdhf J%(X)X—8/3dx Tango, W.J., & Twiss, R.Q. 1980, Progress in Optics, XV11923
0 0 Tokovinin, A. 2002, Appl. Opt., 41, 957
= 0.360 {V2/ro)? (ro/d)* = 0.0269t;2. (B.4) Ziad,A., Conan, R., & Tokovinin, A., etal. 2000, Appl. Of89, 5415

The transformation from (B.3) to (B.4) involves a ¢beent
increase by 12%3, while the definite integral is equal to
I'(8/3)['(13/6)/[28/3%(11/6)'(29/6)] = 0.01547.

The SF of defocuBy(t) is derived in analogy with the pis-
ton SF, replacing the responég(f) for piston with A4(f) for
defocus. The cd#cient is 2 times smaller because only one
aperture is considered. In analogy with (A.8),

D4(t) = 0.821k?d™3 f " C2 dh K4(2tV/d), (B.5)
0
<) = 12 [ " 1a00/X9593 [1 - Jo(Bx)] dx
0
0.046452 + 0.0245°
T 1412824885 (86)

The approximation has a relative error less than 2% and cor-
rect asymptotes. Unliki;, the K, function saturates for large
arguments. Considering only the initial quadratic parKgfat

B < 1, we write for small time intervals

Da(t) = 0.360 (V2/ro)? (ro/d)¥3 = 0.0269 ¢/t1)>. (B.7)
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